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Fibenacci orbits and SU(2)-dynainics
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72076 Tiibingen, Germany

Received 8 December 1994

Abstract. Motivated by an interpretation of the Fibonacci sequence as a subset of the free
group F; we describe orbits on finite subgroups of SU(2). A prerequisite for the calculation
of these orbits is the knowledge of all generating sets of finite subgroups of SU/(Z). In order
to facilitate this problem we introduce an equivalence relation between generating sets which
can be extended to another one between Fibonacci orbits. Additionally, we describe a possible
experiment with quasiperiedic dynamics.

1. Introduction

In this paper, which is based on the diploma thesis [14], we develop a group-theoretical
method to describe one-dimensional, quasiperiodic dynamics, where the dynamics is defined
by a recursive mapping of the elements of SU(2). Hence, one can consider the dynamics
from two different points of view. For the first instance, disregarding the physical
applications, the recursive mapping can be investigated as a dynamical system. As a
consequence, we concentrate on the investigation of cases in which the recurrence relation
results in periodic orbits.

The other point of view is the description of physical systems with quasiperiodic
structure. In this paper. we consider quasiperiodic sequences of matrices of SU(2). In
so doing, we interpret the matrices of SU(2) as time evolution operators of a two-level
system, i.e. the underlying quasiperiodic structure is considered as a quasiperiodic sequence
of time intervals.

The one-dimensional, quasiperiodic structure to be investigated is the Fibonacci
sequence (resp. generalized Fibonacci sequences). The starting point of the algebraic
approach is the fact that the local inflation rule of the Fibonacci sequence can be expressed
as an element of the group of automorphisms of the free group Fp. If F; is given by
F; = {a, b) then the Fibonacci sequence can be interpreted as the orbit starting at @ under
the positive powers of the automorphism. By homomorphisms this subset of F» can be
mapped in each group which can be generated by two elements. The images of the Fibonacci
sequence under the homomorphisms are called Fibonacci orbits. In sections 2 and 3 this is
outlined in detail.

Section 4 deals with the determination and classification of all possibilities of generating
a finite subgroup of SU(2) by two elements. This analysis results in a representative of
each equivalence class of generating sets. These representatives can be used to calculate the
Fibonacei orbits by a recurrence relation, where the equivalence relation between generating
sets can be extended in a natural manner to an equivalence relation between Fibonacci
orbits. The definition of the equivalence relation together with other general remarks about
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Fibonacci orbits can be found in section 5.1. In section 5.2, we show that the condition for
the periodicity of a Fibonacci orbit on the cyclic subgroup C, of SU(2} can be formulated
as an eigenvalue problem in the commutative ring Z/nZ. Actually, we cannot give the
general solution of this problem but we can derive criteria which reduce the number of
possible solutions

In section 6, we turn to the physical properties of a quasiperiodic system. The starting
point is an interpretation of the well known spin echo experiment as a periodic SU/(2)-
dynamics. This interpretation bases on the fact that in the spin echo experiment a two-level
systemn which passes alternatingly through two types of time intervals. As a consequence,
one can measure a periodic SO (3)-dynamics of the expectations of the magnetic moment.
By concatenating the two types of intervals of the spin echo experiment by the method of
the Fibonaccl sequence, one obtains a quasiperiedic version of the spin echo experiment.

2. The free group F; and Fibonacci autemorphisms

In order to explain which maps we are interested in, let us start from the definition of free
groups.

Definition 2.1. A group F, is called free of rank r with generating set {f;; 1 < i < n}, if
the following statements are true:

() F,:={fi;1<i<n),le. F, is generated from the f;'s.

(ii) If G is a group generated by n elements g; (1 €£i < n),1e. G ={gn 1 Li L n}, then
there exists an epimorphism (surjective homomorphiste) u : Fy +— G, u(f) =g for
all<ign

Starting from this definition one can prove [4, chapter I, section 19], that free groups
exist and are unique (up to isomorphisms) for all n € N. The existence proof in [4] contains
the connection to another possibility of defining free groups {(cf [9, p 12]): given the set
= {f; f,.’l; 1 <i < n). Any finite sequence formed from elements of T is called a
word. Let the multiplication of words be defined by concatenation. If one introduces the
equivalence relations ;™ f; = f; £~ = id (empty word), the set of all equivalence classes,
usually represented by the so-called freely reduced words, becomes the free group F,.

Let G ={g;1<i<n)bea goup. Then there exists (compare definition 2.1) an
epimorphism p : F, —> G, p{f;) = g (1 € { € n). According to the homomorphism
theorem the following assertion is valid:

G=F, /[Ker{y). 2.0

Given a subset § = {51,...,5x} (m € NU {oo}) of Ker(u} with the property Ker(u} =
(Ffs1 £ ..., fsmf Y f € Fy), then the group G = F, /Ker(u) is fixed uniquely {up
to isomorphisms) by the generators f; of F, and the set §. This leads to the notation

G:=(311---,gn;i‘1 =...=rm=id)

where the definitions g; 1= p(fi}, r; = u(s;) are used.
Consider the homomorphisms g; : Fo = {a,b) —> F» = {a,b) (€ € Z), which are

defined by
ar+b
P { 2.2)

b bta.
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These mappings have inverses
arsath
biva.

~1

Py (2.3)

Thus, the p¢’s are elements of the group of automorphisms &, of the free group Fa. By
induction cne can show the identity ’ )

K (of b), pf (@) = K (b, 2} (2.4)

where the group commutator K (g, k) is defined by K(g,h) := g~ 'A~lgh. Note, that
equation (2.4) is a special case of Nielsen’s result ([10]) that one can write K (§(b), £{a))
as

KE®),e@) = R@Ga) f (2.5)

(f € Fo,me{1,2}) for each & € &,

On the other hand, o is the standard local inflation rule of the Fibonacci sequence. This
allows an interpretation of the Fibonacci sequence in terms of F,: The Fibonacci sequence
is the orbit starting at @ under the positive powers of the automorphism p, i.e.

Fibonacci sequence := {p] (a); n € Ny} . (2.6)

where the multiplication of automorphisms p 7 is defined by the concatenation of mappings
nop. Because of this interpretation we call the p,’s (generalized) Fibonacci automorphisms

(cf [2]).

3. Fibonacci sequences under homomorphisms

Given an epimorphism . : F; = {a, b} —> G = (x,¥); ula) = x, u(b) = y. Consider
the Fibonacci sequence {p} (a); n € Np}. The image of the Fibonacci sequence relating to
the homomeorphism g is called Fibonacci orbit, i.e.

Fibonacci orbit := {M,; n € Ng} :={ulp] (a)); n € Ng}. 3.1

By induction one can prove the recurrence relation

Myp1 = ME Moy )
which is equivalent to

Moy = M7 My - (3.3)

If there is defined an addition of group elements (e.g. if G is a matrix group), then (2.4)
together with the homomorphism property of p results in an invariant I of the Fibonacci
orbit
I := K(M;, Mg} + K (Mo, My) . (3.4)

In this paper we investigate the cases in which My, M, € SU(2, C). Then, as a consequence
of the Cayley—Hamilton theorem (cf [8, p 400]), we cbtain the identity

7 I =tu(K (Mo, Mi)1. ~ (3.5)
Thus, if My, My € SU(2, C), the invariant [ is equivalent to the Fricke—Vogt invariant

= (K (Mo, M) — L (e [11]).

Definition 3.1. The Fibonacci orbit {M,; n € Ny} is called periodic, if there exists p ¢ ¥
so that forall m € N, j € {0,1,..., p — 1} the following identity is valid: M; = M, .
The smallest p with this property is called the period.
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This definition of periodic Fibonacci orbits is reasonable, because a Fibonacci orbit
cannot become periodic after finitely many steps. It is easy to check this assertion: assume
that a Fibonacei orbit becomes periodic after finitely many steps, i.e. there exists a minimum
n € N, so that M; = M}, for all n < j. Then, because of (3.3), My_1 = Mu_1+mp Which
contradicts the assumption that r is the minimum number with this property.

Because iteration (3.2) has recursion depth 2, we can replace definition 3.1 by the
equivalent definition 3.2, which is useful for the determination of periods:

Definition 3.2. The period p is the minimum natural number for which My = M, and
M 1= Mp+1-

I the period is odd, definition 3.2 together with (2.4) results in a restriction of the group
commutator: K (Mg, M) must be the identity or an involution. Thus, if My, My € SU(2),
then K (My, M) = =£1.. For consequences we refer to section 5.

The least common multiple of the orders of all elements of the group G is called the
exponential exp((G) of G. Let a group G have a finite exponential and let £, k be integers
with the property [ = z exp(G) + k (z € Z). Then u(p; (@) = p(pf (@) for all n € Ny,
i.e. the Fibonacci orbits are the same. )

In the following sections we consider the cases in which G is a finite subgroup of
SU(2). For these groups there always exists a finite exponential. Additionally all Fibonacci
otbits are periodic, because there are at most Ord(G)?* (Ord(G):= order of G) different
pairs (M;, M;.4) in a Fibonacci orbit.

Note that an investigation of all finite subgroups of S{/(2) can be regarded as an
investigation of all finite subgroups of SL(2, C}, since each representation of a finite group
can be taken (cf [10, p 66]) to a unitary representation by similarity transformation.

4, The generators of finite subgroups of ST/(2)

4.1, Equivalence classes of generating sets

Let F; = (a, b) be the free group of rank 2. In crder to determine all Fibonacei orbits in
finite subgroups of SU(2), we have to know all possibilities of choosing w(a), u(b), so
that { u(a), u(b)} is a finite subgroup of SU(2). To facilitate this problem, we introduce
the following equivalence relations:

Definition 4.1, The generating sets By = {1, fo} and E» = {g), g2} are called SU(2)- resp.
S0(3)-equivalent, if there exists k € SU(2) resp. SO3), sothat i~ gih = f; (i = 1,2).

Remark. Subsequently, if we talk about generating sets, we always mean generating
sets consisting of two elements. The existence of such generating sets will be shown
in section 4.2 (resp. 4.3).

‘We have chosen these equivalence relations because the conjugations with clements of
SU(2) resp. SO(3) is the greatest subset of isomorphisms which preserves the essential
properties of the representation matrices like unitarity resp. orthogonality, trace, and
determinant. Additionally, conjugation with unitary operators is the equivalence relation
which is used in quanmum mechanics and the theory of Hilbert spaces.

The group SU(2) can be characterized in the following way (op 1= 12; &y, 02, o3 Pauli
matrices):

3 3
SU@R,C) = [aoUo+i(Zajaj) a; eR, Y al= 1}.
j=0

j=1
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Let V be a vector space over the field R with basis {3, 02, 65}. Then there exists a map
I : SU@R) —» SO3) defined by TI(gHp) =g~ pg (g € SUQ2), pe V). Tlisa
two-to-one epimorphism (I1(g) = IT(—¢}) onto SG{3). ie. SU(2) is a double cover of
S0@3).

Definition 4.2. Let S be a subset of SO(3); then T1-1(S) is defined by IT~1(8) := {h €
SU2), k) € §}.

The proof of the next theorem can be found in [16, p 83]:

Theorem 4.1. Every finite subgroup of SO(3) is a cyclic group C,, a dihedral group D,
a tetrahedral group T, an octahedral group O, or an icosahedral group Y. Every finite
subgroup of SU(2) is a cyclic group C,, a binary dihedral group D} =TIT7!(D,), a binary
tetrahedral group T* := I1~!(7T), a binary octahedral group O* := I1~1(0), or a binary
icosahedral group ¥* := TI"'(¥). If two finite subgroups of SO(3) resp. SU(2) are
isomorphic, then they are conjugate in SO (3) resp. SU(2).

It is worth noting that the finite subgroups of SU(2) can be associated with Dynkin
diagrams (cf [13, appendix]).

Theorem 4.1 determines all isomorphism classes of finite subgroups of S U(2). Another
interesting assertion of the theorem is that all finite subgroups of SO (3) resp. SU(2) which
are elements of the same isomorphism class are conjugate in SO(3) resp. SU(2). Hence,
to determine all generating sets of an isomorphism class up to SU(2)-equivalence, it is
sufficient to investigate the generating sets of a faithful representation.

Theorem 4.2. Let G = {gi1, g2} be a noncyclic finite subgroup of SO(3) Given any
fi eI {@d, fo € T7'({g2)), then F :=T17Y(G) = {fi, f2). :

Progf. II: F > G is an epimorphism with Ker(I) = {I,, =1} =: Z. Thus, for each
element g € G there exists precisely one coset Zt of Z (¢t € F) with Z¢t = TI™1({g}).
Because G = (g1, g2}, ¢ach g € Geanbewritteninthe formg = g;, ... g, (5 € (1,2}, k €
N). Let f be the element of {1, f>) defined by f := f;, ... fi,. Then II(f) = g. Therefore,
a representative of each coset of Z in F is contained in {fi, fz). It remains to show that
-1 € {(fi, f2). _ , _

Each finite, noncyclic subgroup of SO(3) contains an involution. Let g € G, g% = 15.
As we have mentioned above, (f1, f2 ) includes an element f with II(f) = g. Because g
is an involution, the order of f is 4. Since —1; is the onl}r involution in SU(2), f2 = —1,.
So -1z € (f1, f2). a

The implication of theorem 4.2 is that each generating set {g, g2} of a dihedral
or polyhedral group corresponds to four generating sets {fi, 2}, {f.—f=} A, f2h
{~f1,—f2} of the corresponding bmary dihedral or binary polyhedral group. X f €

O-'(ghand f e TI'({(g), then g =h ' ghifandonly if f =g~ fgor —f =g~ Fq.
Therefore, given f; € II71({g:D), i € I7'({&:Y) (i € {1,2)), the generating sets {g1, g2}
and {g, 82} are SO(3)-equivalent if and only if {fi, fo} is SU(2)-equivalent to one of the
four sets {fla fZ}’ {A. _fZ}s {_fla fZ}s and {—fl: —fZ}‘

In the following, we proceed in the fellowing manner. Firstly we construct SU/(2)-
representations of the cyclic groups C, and determine all generating sets of these
representations. Subsequently we take § O(3)-representations of the dihedral and polyhedral
groups and find all generating sets up to SO(3)-equivalence. By computing the generating
sets of the corresponding SU(2)-representations, we determine all generating sets of the
binary dihedral resp, binary polyhedral groups up to SU(2)-equivalence.
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Let p,0 : F2 = {(a,b) —> G < SO(3) be epimorphisms. An automorphism
¢ : G G, ¢(u(a)) = o(a), ¢{(pu)) = o(b) exists if and only if Ker(u) = Ker(c).
Hence, if we know all possibilities of choosing Ker(u), such that Im(u) = G, and if we
have found all automorphisms of G which are no conjugations in SO (3), then we have
determined all generating sets of G up to SO (3)-equivalence.

As we mentioned in section 2, Ker(y) can be described by defining relations. But
different defining relations can induce the same set Ker{u). Thus, to obtain a general view,
we will always characterize Im(y) in the following way:

Im(p) =&,y x"=y"'=@)Vf=R=- =R =1) “4.1)

where x 1= p(a), y = pb);n,m, p, ke N, k> 3. 7
The next lemma (resp. its proof) is important because it simplifies the computation of
generating sets.

Lemma 4.1, Given In(y) in the manner of (4.1). If (&, /2, p) is an arbitrary permutation
of (n,m, p), then there exists an epimorphism p : F > Im(x) with Im(x} = Im(p) =
(£, 7: 2" = 3" = (#F)? = Ry = ... = R = 1), where p(a) = £, p(b) = J. For the
definition of the R;'s we refer to the proof.

Proof. The set of all permutations of (#, m, p) is Ss, i.e. the symmetric group of rank 3.
Hence, to prove the lemma, it is sufficient to verify this statement for the generators of the
83, e.g. for the transpositions (12) and (1 3).

Therefore, we have to show the following. If Im(x) = (x,y; x" = y™ = (x y)? =

Ry = --- = R; = 1), then there exists 7, v, so that:

() =Im(r) = (%, 5 " =P = EHHP = Re= - = Re=1)
with t(@) =%t =73

) =Im() = (£, 5 ¥ =" =G =Ri=---=R=1)

with  v(a) =X, v(d} = (F).
One can verify these statements by using the following definitions:

() %:=7(@) =y § 1= v(6) = x~*. R; is defined by substituting in R; all §~! for x
and all 2! for y.

({x=v@=xy §=vb)=yL ﬁf is defined by substituting in R; all X 31 for x
and all ™! for y.

Because the substitution rules are invertible, the groups are identical. O

The grdup of automorphisms @, of the free group F» = {a, b) contains elements ¢s, ¢3
(cf [5]) which are defined by

ar—ab
C2 1
br— b

[a — b1
C3

bi—s gt

Thus the substitutions which are used in the proof of lemma 4.1 can be interpreted as the
mapping (4(a), 1(B)) —> (ules (@), ulc; (BN (G € {1, 2.
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4.2. The generators of C,

A cyclic group can be characterized by the property that it can be generated by a single
clement, ie. C; = (A E* = id). In this section we investigate the possibilities of
generating C,, by two elements. Given the elements x, y € C, with O(x) = p, O(y) =
{p.g € N). The orders of the two elements can be written in the form p = rs, g =r¢,
where r = ged(p, ¢), ged(s,t) = 1. Because the orders of all elements of C, must be
divisors of Qrd(C,), n fulfils the equation n = mrst (m € N). (x*) as well as {y")
are subgroups of C, of order r. But, on the other hand, C, has precisely one subgroup of
order r; this is (™'} (cf {7, Chapter T]). Hence, {x* )} = { ™} = {y* ). This results in
{x*} © {x) N {y}, which implies r < Ord({x} N {y}). Because Ord{{(x} N {¥}) has to be
a divisor of both Ord({x)) = rs and Ord({y)) = r¢, it follows that Ord({x} N {y}) = r.
The product {x}{y} := {ab;a € (x}. b € ()} equals {x, y), since C} is an Abelian group.
Therefore

Ord dd
Ord((x, )) = Ord((x) () = grfi‘f(’;) & éf)’;” —rst. “2)

Thus the order of C, isn =rs1t.
Let a faithful representation of C,, be defined by

y 2rim/n
C, = [( e ;) e-zr?im/n );m e{(),l,...,n—l}} .

As a consequence of the above considerations, all generating sets of the representation of
C, can be written in the form

g2Tip/rs 0 ekiq/rr 0
Cp = (( 0 e~ rip/rs | 0 e—2rigire (4-3)

where n = r st, ged(p, rs) = ged{g, re} = ged(s, 1) = L.

4.3..The generators of the binary dihedral and the binary polyhedral groups

According to [4, Chapter I, section 19] one can define the finite, noncyclic subgroups of
S0(3) by

Dr: = (x y: x =y =(xy)n=id)
T = {x,y;% =y =(xy¥ =id) 4.4
Y = (xy:x¥°=y'=@xy’=id)

where we have used the fact that 7 = A4 and ¥ = As (Ag the alternating group of rank k).
In order to prove that

OIE Sy :={x,y;x4=y2=(xy)3=id) (4.5)

(S5 is the symmetric group of rank 4) let us start from the definitions 1y :=y, rz :=x7lyx,
ry = x~2yx% One can show by using the defining relations of x* = y? = (x y)3 =id,
that (r) 2)* = (r273)® = (ry r3)* = id. For the proof that Sy ;= {r, ra, ;i =rf=r3 =
(r112)? = (ra73)® = (r173)* = id ) we refer to [4, chapter I, Bsp 19.7]. Thus, S3 C (x, ¥).
On the other hand the relation (x ¥} € 84 is valid, since x = r3rary, ¥ = ry. Hence,
Se:={x,yixt=y"=(xy)P =id)

In [14] one can find a determmatlon of all p0351b111tles of choosing Ker () so that Im(zL)
is a finite non-cyclic subgroup of SO(3) by a combinatorical approach. For the results we
refer to the appendix.
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S0 (3)-representations corresponding to the defining relations (4.4) resp. (4.5) are given
by (& == 2% p/n, ged(p,n) = 1, 7 := (1 + V/5)/2)

1 0 © cose  sino 0
Dy, :=< 0 -1 0 , | sine —cose O )
0 0 -1 0 0 -1

(4.6)

In the case of D, the SO(3)-representations with defining relations (4.4) which are
not O(3)-equivalent correspond to different choices of p in (4.6). Each automorphism
of T and O can be representated by a conjugation with an element of Q. Thus, (4.6)
determines each SO(3)-representation of 7 and O with defining relations (4.4) resp. (4.5)
up to SO (3)-equivalence.

The case of Y is a little bit more complicated. Since the group of automorphisms of As
is Ss, there exists a second generating set of 45, which corresponds to the defining relations
x5 = y? = (x y)° = id, and which is not SO(3)-equivalent to (4.6); this is

1 1 r ¢! 1 -1 - 7!
Y= (— T —1 -1 |, 3 T -z 1 ) N )
2\ ¢t 1 —T —z-1 1 T

Generating sets of the corresponding SU (2)-representations of the binary dihedral resp.
binary polyhedral groups are given by (8 1= g/n, ged(g, n) = 1, 7 1= 1+ +/5/2)

«._jf0 i 0 et
p=l(5) (38 %)
P LY IR R 0 i
= 1+i 1-i J°\i 0
e f1f 141 —14i) 1 /1 i
=i ) (1))
y*={L T i) 1 140 ki
AV St SR N AL AN C SO B

yeo (L T —ttin ) 11400 77
A2\ 14ir Tl oy ot 1—ir i

In order to obtain generating sets of the binary dihedral resp. binary polybedral groups
which correspond to other defining relations one can use the corresponding substitution rules,
because IT is a homomorphism. Proceeding in this manner, it remains only to write down
the different possibilities of choosing the signs of the mairices, then we have determined
all generating sets of the binary dihedral resp. binary polyhedral groups up to SU(2)-
equivalence.

o
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5. Fibonacci orbits on finite subgroups of ST (2)

5.1. General remarks

The elements My = p(a) and M; = p(b) together with recurrence relation (3.2) determine
a Fibonacci orbit completely. Two Fibonacci orbits {M,,n € Np} and {M,,, n € Ny} are
called SU(2)-equivalent, if there exists g € SU(2), s.t. g7 M, g = M, for each n & No.
Particularly, the Fibonacci orbits are SU(2)-equivalent if and only if the generating sets
{M,, My} and {Mp,, My} are SU(2)-equivalent. Thus, because we have determined all
generating sets of finite subgroups of SU(2) up to SU(2)-equivalence, the determination
of all Fibonacci: orbits on finite subgroups up to SU(2)-equivalence is reduced to simple
matrix recursions. As we mentioned in section 4, the Fibonacci orbits on finite groups are
always periodic. Hence, according to definition 3.2, carrying out the matrix recurrence until
M, = My and My, = M;, we know the entire Fibonacci orbit.

Because the matrix recurrence (3.2) is invertible (cf equation (3.3)), each set {M;, M; 1}
is a generating set of the group {(My, M, }. Thereby, it is easy to check to which equivalence
class a generating set belongs. Sutherland [13] has shown, that the generating sets {X, Y}
and {X, Y} are SU(2.C)-equivalent if and only if the equations tr(X) = (XY, tr(¥) = te(P),
and (X Y) = (X ?) are valid. Therefore, the equivalence class of generating sets can be
determined by the calculation of the traces.

We have shown in section 3, that odd periods require K(My, M1) = +1,. It follows
from K(My, M1) = 1p, that (Mp, M, ) is a cyclic group. Assume that K (Mo, M) = ~13,
then TT({Mp, M;)) must be an Abelian subgroup of SO(3) but (Mo, M; ) has to be a
Nonabelian subgroup of SU(2). As a consequence, (Mp, M) must be the binary dihedral
group D3. Therefore, odd periods are only possible if (Mg, M) is a cyclic group or the
binary dihedral group DJ.

The case that {My, M) is a cyclic group, is treated in the next subsection. For results
relating to Fibonacci orbits on the noncyclic finite subgroups of SU(2) we refer to the
appendix.

5.2. Fibonacci orbits on C,,

As we have shown in section 4.2, each generating set of C, is SU(2)-equivalent to a
generating set of the form

ej?.:rj/rs 0 eiZ:rk/rr 0
Cn= (( 0 e-i2mirs ) ; ( 0 e-i2wk/rs ))

with rn = rst, ged(s, t) = ged(f,rs) = gcd(k rt} = 1. Using the (generalized} Fibonacct
numbers, which are defined by ff =0, ff =1und f! = fL +£ff (neN), wecan
write M, as

iy
M, = ( A ) (PeN) G.1)

where ¥y = 2n/r)((j/s) f + (k/8) f, e) Thus, the condition of definition 3.2 that a
Fibonaeei orbit has period p can be wntten as a system of linear equations:

1 —1 f"z jt mod(n) ( O -
(57 () e

This system of linear equations can be solved by calculating the Fibonacci numbers and
checking which combinations of j, &, r, 5, and ¢ satisfy (5.2). On the other hand, by using
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the fact that (5.2) is an eigenvalue problem in the commutative ring Z/nZ, one can find
some restrictions on period p. Because

14
det( j’i; f{in ):det( ? })P=(-1)P (5.3)
P

we obtain the following condition:

z
mod(n) -1 fp »
0 dt( g p+,-1) = (fhy + fh) + 1P (54)
Regarding the assumption ged(j,s) = ged(k,t) = 1, equation (5.2} together with the
recurrence relation of the Fibonacci numbers results in f;_l =ast, f:_,_l = bst, where
a, b € Z. Thus, the characteristic polynomial (5.3) can be taken in the form
=17 =12 @+ b)st. (5.5)

It follows from this equation that odd periods imply st =1 or s¢ = 2, i.e. odd periods are
only possible if either both generators are of order n or if one generator is of order n and
the other is of order n/2 (which implies that # is even).

Another restriction follows from the investigation of the case n =5, r = ¢ = 1, that is;

pajn g 10
Cr =<( ¢ 0 e—i2ni/n ),( 01 )) . (5.6)

One can check by a simple computation that in this case f;_, 175" g, Iy ™" 0, and
f " 0. Consequently, Equation (5.2) is satxsﬁcd for each choice of j, 2, k, r, 5
and t, whcre R =Tr5t.

Therefore, in order to determine the period of the Fibonacei orbits, it is reasonable to
start from the case (5.6), where the period p must be even for n 7 2. Subsequently, the
investigation of periods can be reduced to the divisors of p.

6. The quasiperiodic spin echo

This section deals with an interpretation of the well known spin-echo experiment as
periodic dynamics on a binary dihedral resp. a dihedral group. Furthermore we describe a
quasiperiodic version of the spin echo experiment.

Let B be a time-independent, homogeneous magnetic field in direction of the x3-axis
and a radio-frequency electromagnetic field of frequency /27 circularly polarized about
an axis in the x; xp-plane. Then the Hamiltonian of a spin—%-panicle has the form

_ _&eh By (B —iBy)e™™
B = 4mc( (B) +iBy)e™’ B3 ) ) ©6.1)

where B; € R. According to {3, p 158], we obtain the following formula for the time
evolution operator under resonance conditions:

v = cos(et)e™@2  _jsin(w?) gHer/2+F)
—isin(a r) el@/2+8 cos(o ) e¢*/?

©.2)

with @ = —(ge/2mc) B3, @ = —(ge/4mc)| By +iBy |, € = (B; +iB2)/|Bi +iBy|. The
expectation of the magnetic moment is given by

£ = (510, %20, 5 ¢)) (63)
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where T, (1) = (¥@©), o @) = (WO, U)o YO V(). In the sequel, we
investigate some specidl choices of B.

Let us consider the case of free precessing in which the radic-frequency field is switched
off, i.e. By = B, = 0. Then

—iat/2
v =(y" s ) 64
|
which implies
Z () cos(wt) sin(wt) 0O (O -
Z2(t) | = | —sin{wt) cos(wt) O Z:(0) | . (6.5)
s (1) 0 0 1 Z5(0)

Now, looking at the case at = /2 & t = =2 me/|By + 1B lge in {6.2), we obtain the
time evolution matrix

_ja—ip/2
0 ie ) ©6)

Uy = ( ool 0

{0 = (7/2) B3/|By +1Ba}+ B). This case is called w-pulse because the time evolution of
the expectation

=i (@) cosp sing 0  (0)
Bz () = | sing —cosp O Z2(0) 6.7}
3 (1) 0 0 -1 Z3(0)

can be interpreted as a rotation through an angle of 180° about an axis in the x; xo-plane.
Note that the matrix of (6.4) together with the matrix of (6.6} is a generating set of a binary
dihedral group. Since the expectations X are linear functionals which are transformed
in the same way as the o;’s under the action of the SU/(2)-matrices, the transformation
matrices of T are the same as would obtained by using the homomorphism I, which is
described in section 4.1. Thus, the matrices of (6.5) and (6. 7) are a generating set of a
dihedral group.

The 7 /2-pulse is defined analogously to the m-pulse, i.e. ot = /4. The time evolution
of the expectations is given by

PR ¢S] cos2h —sin2) O 1 ()
() | = 0 0 -1 (1)) {6.8)
3 () sin2h  cos2A O Z3 (1)

with A = (w/4) B3/|B; + B3 [+ 8.

The spin echo experiment is carried out in the following way: take protons in
water and switch on a homogeneous magnetic field in the direction of the x;-axis. If
kT <« —geB;/4mec then in the thermodynamic equilibrium the expectation X3 is nonzero
while %; and T are zero. Because of the multltude of protons we can identify expectations
and relative frequencies, i.e. the magnetization M of the system consisting of N protons is
given by M =NEZ.

Now, let us carry out a Z-pulse. Assume that the Z-pulse ends at time # = 0. Then,
according to (6.8), the magnetization is non-zero in the x; x;-plane and zero in direction of
the x3-axis. In the periodic spin echo experiment the system passes alternatingly through
two types of intervalls, called & and a. In the interval b the protons precess freely while
the interval @ is a m-pulse.
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We start at time ¢ = 0 with an interval of type b. Because of the inhomogeneities of
the magnetic field in the water there exists no definite angular velocity but a spectrum of
velocities, i.e. after the interval b we obtain the magnetization:

M oo cos(wk) sin(wb) 0 M,y
M, | ()= flw)| —sin{wh) cos{wh) O |dw{ Mz | (D (6.9)
‘M 0 ¢ 0 1 M

where f is a distribution. To illustrate this time evolution we choose My = M £ iMs:

M. (b) = f @) do M, (0)

M_(b) = ” Flw)e? do M_ (0).

-0
Thus, M, and M_ have the same time evolution as wave packets in quantum mechanics;
they disperse. This implies that M; (§) and M, (b} are zero, too. M; (b) is zero because
M3 (0) is already zero.
Subsequently, carrying out a x-pulse, the magnetization after the interval boa is

M cos(wh)  sin{wb) 0 M
My J(boa) = [ flw)| sin(wh) —cos(wb) 0 |de{ My |(0).
M 0 0 -1 My

We have chosen p = 0, which corresponds to 2 special choice of the direction of the field.
Now, let the particles precess freely again. Assume that the Larmor frequency of each
particle is the same as in the beginning, then the magnetization after b o a o b is given by

Ml I 0 1] M1
M; |(Boaoch) = 0 -1 0 My Y () . (6.10)
M3 0 0 _1 M3

Therefore, after the sequence b o @ o b we can measure a macroscopic magnetization
again. As a consequence, the equation M (boaoboa) = M{0) is valid. The time evolution
in the interval b0 a o b o ¢ is shown in figure 1.

Note that, because aba = b~!, the spin echo experiment is a realization of a system
with reversing symmetry (cf [11]).

A quasiperiodic version of this experiment can be executed in the following manner.
Let the intervals Iy and I, be given by Iy = a and I, := b, where ¢ and b are
defined as mentioned above. Applying the recurrence relation of the Fibonacci sequence
(fny1 = Iy o I,y (n € N)) we can build the Fibonacci chain. For instance, the intervals Ig
and f7 have the form:

Ii=babbababbabba

L =babbababbabbababbabab. (6.11)

| Figure 1. We have chosen the xj-axis in horizontal and the x» -axis in the vertical
=0 direction,
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3 ?\
2
1
13 18
Figure 2. The sequence starts at + = 0. The
numbers of the arrows show the succession of the
intervals. )

Starting with a Z-pulse, we obtain again a magnetization in the x; x-plane. Let this pulse
end at + = 0. Reading I7 from the left to the right, we obtain a time evolution of the
magnetization which is illustrated in figure 2.

Ope can easily check that the period of the F1bonacc1 Ol‘blt is 6, since
M(lsy = M(Jo) and M(Fy) = M ().

So far, we have described the protons as isolated particles. But in reality there are
proton—proton and proton—water interactions. These interactions result in a relaxation
process, which implies a decreasing magnitude of the magnetization in the x; xz-plane.
A mathematical description of this problem as well as the details of the experiment can be
found in Abragam [1].

‘Another problem of a measurement is that the Fibonacci orbits of the binary dihedral
groups correspond to the hyperbolic orbit (0, ¥, 0, 0, —y, 0) of the Fibonacci trace map (cf
[11]). As a consequence, the Fibonacci orbit is unstable, too. Thus, if the measurement is
possible at ali, we have to measure by sectors, e.g. we measure the first six intervals and
then start again with a Z-pulse.

7. Concluding remarks

In this paper we started from an interpretation of the Fibonacci sequence as the set of
all positive powers of an element of the group of automorphisms of the free group F
applied to a generator of F>. The Fibonacci sequence was mapped by homomorphisms
into finite subgroups of SU(2), where the images of the Fibonacci sequences are called
Fibonacci orbits. By introducing an equivalence relation between generating sets resp.
Fibonacci orbits we reduced the determination of all Fibonacci orbits to the statement of a
representative of each equivalence class and a simple matrix recurrence.

As an application we described a two-level system which possesses a quasiperiodic
structure. The quasiperiodic structure was a Fibonacci sequence built of two types of time
intervals. So, the time evolution of the system became a quasiperiodic SU(2)-dynamics.
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Appendix A.

The Appendix is arranged in the following way. In section A.l we give the substitution
rules which one needs to go from the generating sets in section 4.3 to generating sets of the
same non-cyclic finite subgroups of SO(3) with other defining relations. The content of
the other sections of the appendix is the characterization of Fibonacci orbiis in the binary
dihedral and binary polyhedral subgroups of SU(2).

Appendix A.1. The generating sets of finite non-cyclic subgroups

In this section we proceed in the following manner. For each finite non-cyclic subgroup of
SO(3) we call {x, y} the geperating set which fulfils the defining relations of section 4.3.
Starting from these generating sets we gave all possibilities of choosing generating sets
which correspond to other defining relations up to such transformations which are described
in lemma 4.1. Particularly, the substitution rules are given.
In the case of the dihedral groups each generating set fulfils the defining relations
2 = y2 = (xy)* up to the permutations described in lemma 4.1. So, we can restrict
ourselves to the binary polyhedral groups.

(i) The tetrahedral group T:
=y @Y =P =y =@in)l=id) with x =xy y =x

(ii) The octahedral group &
=L,y @) =) =@mn)P =0in)’=id) with x :=x y =xy.

(iil) The icosahedral group ¥:

Table Al.

Defining relations Substitution rules

&5 8= 5: =(E5)° = EENt =id) =y 2t F=y.0=PE93
#5:5=5 =@ =@ =id) f=xt5=xly,x=2 y= 53
FHP=F =@ = (x 25 =id) F=x,5=x"1y,y =%

ERE =P =@ = =id) E=xi=ylyly=3i

(£ 5:% = 3 = @9P = @ F=x, =12y, y =3

Appendix A.2. The orbits on Dy

Suppose that one fixes the variable g under the constraint ged{g,n) = 1; then D} has
three generating sets up to SU(2)-equivalence. Firstly, we regard the cases in which the
Fibonacci automorphism is of the form pzey; with (£ € Z). Because in these cases the
period is always 3 or 6, the following table characterizes the Fibonacci orbits completely.
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Particularly, given a suitable ¢, each Fibonacci orbit is the following one up to SU(2)-
equivalence and up to the choice of the starting point. To facilitate the determination of the
equivalence classes of the generating sets we state the traces x := %tr(M,,), ¥y = %tr(MHl),

and 7 1= %tr(M,,.;,.l My} (E(x} := exp(iZx)).

Table AZ.
r_ M (x,y.2)
0 ( ? 6 ) (0,0, —cosmg/n)
0 iE
: ( iE(—q) 1 é‘n ) ©, (=1)"*! cosmg/n, 0)
2 (-—-1)5-{—1 ( Eg;) E(‘O_q) ) ((_I)H-l cos:'rq/n, 0’ 0)
_yi+l 0 iE(g(2€ +2))

0 (e D) @O

0 iE(g(2¢ + 1)) .
4 =D ( iE(—gq(2e + 1)) 0 ) (0, (~DE cosmg/n, 0
5 (—1)8 ( E(O_‘I) E?q) ) ((_])5 o8 ﬂq/n, 0‘ 0)

Note that the Fibonacci orbit on the infinite binary dihedral group D7, has petiod 6,
t00.
- Provided that the Fibonacei automorphism is poe (¢ € Z} and that we have chosen a
suitable g, then there exist two Fibonacci orbits up to SU(2)-equivalence and up to the
choice of the starting point: :

(i) Table A3.
r_My (x.7,2)
0 ( (i) 0 ) (0,0, —cosmg/n)
(ielo ") 0.0, =1 oosxa/fm)
2 (=1 ( o1 ) ©,0, — cosg/n)

3 (-1 ( iE(O_q) iEé‘f) ) (0.0, (1)t coswg/n)

In this case the period is 4.
(i)

0 iE(2mqf)
iE(~2mqf) 0

Mn= R
ifn=2m+1.
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The period p of these Fibonacci orbits is
2n

m if n even
_ nodd.
g8T(¢,n)

If we proceeded with the binary polyhedral groups 7%, 0" and Y™ in the same fashion as
we did in the case of D7, we would produce an amount of data which would be confusing
rather than instructive. Thus, we confine ourselves to the Fibonacei orbits which belong
to the automorphism p;. Additionally, for the sake of brerity, the information about each
Fibonacci orbit up to SU{(2)-equivalence and up to the starting point is reduced to a possible
starting point and the period of the Fibonacci orbit.

Appendix A.3, The orbits on T*

(i) Starting point:
_ {0 i 14 14
M"—(i o) M‘“E(Hi 1-i )
Period: 48

(ii) Starting point:

X I { 141 —1+4i
MO—(i 0) M""E(l-:-i 1-1)'

Period: 16

Appendix A.4. The orbits on O”
(i) Starting point:

1148 =14 11
M°—§(1+i l—i) M‘""“E(i 1)'
Period: 18

(i) Starting point:

1140 =14 11 i
MU__§(1+i ) Ml“ji(i 1)-
Period: 18

Appendix A.5. The orbits on X~
(1) Starting point:

1 T —tl+i 1 /141 —1+i
M"“E(r-l-:-i T ) M‘—_E(H-i l—i)'

Period: 50
(ii} Starting point;

Mo =

™=
N
o
|
i}
+
I
“
s L
+
o
——”
X
il
b2l =
PN
i pemd
+ +
Badu s
— 1
(™Y
L+
n-l-'-"
N’

Period: 150
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(it} Starting point: : .
I/ 14ic! it s L 1+E =1
) it 1 -—ir~1 PZob14+i 1-1 /-

My

Period: 14
(iv) Starting point:

Period: 14
(v) Starting point;

Period: 42
(vi) Starting point;

1 /147t iz Lf1+i —I4i
M""“E( iz l—ir) M“_§(1+i 1-i )

Period: 42
(vii) Starting point:

1 /1—-it7!  —ir 1 { - +ir i
Mo__i( —it  1+ir Mi=—3 i —r“‘—i-r)'

Pericd: 4
(viii) Starting point:

1/1—-it7!  —ir I/ =t 1+ir i
Mo—_i( —ir l—i—i'c) Mlh_i( i —'i:"-—ir)

Period: 12
(ix) Starting point:

_1 ! —l+4it _ L fitie -t
MO—..E(].'!'I"C ‘C_l ) Ml——i( T_I 1_“:
Period: 50
(x) Starting point:
1 7} —14ir 1/ 14ir —z71
M""E(Hir ! Mi=z\ ot 1-ic )
Period: 150
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